The I = 0 ; 1 ; 2 ; 3 mass splittings of the spin-1=2 octet and spin-3=2 decuplet baryons are analyzed in the 1=Nc expansion combined with perturbative a v or breaking. We show there is considerable experimental evidence that the baryon masses satisfy the hierarchy predicted by this expansion. Since avor symmetry-breaking suppression factors alone are not sucient to describe the observed hierarchy, w e conclude that there is rm evidence for the 1=Nc expansion in the baryon masses. Our analysis diers from non-relativistic SU(6).
I. INTRODUCTION
The 1=N c expansion has led to new understanding of the spin-avor structure of baryons in QCD [1{15] . In the large N c limit [16, 17] , it has been shown that the baryon sector of QCD possesses a contracted spin-avor algebra [1, 18] . Corrections to the large N c limit can be parametrized by 1 = N c -suppressed operators with denite spin-avor transformation properties [1, 2] . By studying the spin-avor structure of these 1=N c corrections, it is possible to obtain new symmetry relations which are satised to non-trivial orders in the 1=N c expansion, where the accuracy of these relations is predicted by the expansion. In the cases studied thus far, the 1=N c expansion has yielded predictions for static properties of baryons which agree with the experimental data at the level of precision predicted by the expansion.
In this paper we analyze the isospin mass splittings of the spin-1=2 octet and spin-3=2 decuplet baryons in the 1=N c expansion, with isospin symmetry breaking treated perturbatively. SU(3) avor symmetry breaking is treated rst perturbatively, and then nonperturbatively through the use of SU(2) I U(1) Y avor symmetry. W e nd that there is evidence for the pattern of mass splittings predicted by the 1=N c expansion and avor symmetry breaking. A number of our predictions are not tested by the experimental data because they involve baryon mass splittings which are poorly measured; more accurate measurements of these splittings would test the validity of the expansion. The analysis we perform in this work illustrates that the predictions of the 1=N c expansion are dierent from the standard SU(6) predictions of the non-relativistic quark model [19, 20] .
The analysis of the isospin mass splittings in the 1=N c expansion is organized as follows. Section II presents National Science Foundation Young Investigator.
the relevant operator analysis. 1=N c expansions are constructed for the SU(2) SU(3) representations (0; 1), (0; 8), (0; 27), (0; 64) and (0; 10 + 10). In Sec. III, we give the complete set of linearly independent operators which spans the baryon masses for N c = 3. Each operator occurs at a particular order in 1=N c and avor symmetry breaking. Mass relations for the octet and decuplet baryons are derived in Secs. IV and V, where we separate the relations into isospin channels I = 0 , 1 , 2 and 3. In Sec. IV we present the analysis with perturbative SU(3) avor symmetry breaking; Sec. V repeats the analysis using SU(2) U(1) avor symmetry. W e contrast the results of the two analyses, and comment on their relation to SU(6) formul. Our conclusions are presented in Sec. VI.
II. OPERATOR ANALYSIS
The lowest-lying baryons for N c colors transform according to the completely symmetric spin-avor SU(2F) representation shown in Fig. 1 . This baryon representation decomposes under (spin avor) into a tower of baryon states with spins J = 1 = 2 ; 3 = 2, : : : ,N c = 2, with the respective a v or representations displayed in Fig. 2 . In the following analysis, we consider the special case of F = 3 light a v ors. For three light a v ors, the avor representations of Fig. 2 for N c large and nite dier from the avor representations for N c = 3. The weight diagrams for the avor representations of the spin-1=2 and spin-3=2 baryons are given in Figs. 3 and 4, respectively. These avor representations reduce to the baryon octet and decuplet for N c = 3 . F or arbitrary N c , the familiar spin-1=2 and spin-3=2 baryons can be identied with states at the top of the avor representations, for which the number of strange quarks is O(1) (not O(N c )). In the following analysis, we are only interested in the masses of baryon states which continue to exist for N c = 3 ; w e call these states the physical baryons. Focusing on these baryons results in a number of simplications in the analysis. We caution the reader that the 1=N c analysis we perform here for arbitrary N c is valid only for the physical baryons in Figs. 3 and 4 , not the entire avor representations. The results are also valid if the number of colors is set equal to three.
We construct an operator expansion for the mass splittings of the baryon octet and decuplet using quark operators as the operator basis. Equivalent results can be derived in the Skyrme operator basis. The complete classication of quark operators for three avors was performed in Ref. [12] ; in this work we use the same notation. The sole zero-body operator is denoted by 1 and the c n are unknown coecients. The numb e r o f o p e rators participating in the expansion (2.2) can be reduced to a nite set using operator identities. The operator classication of Ref. [12] showed that the complete set of linearly independent quark operators for the baryon representation is a traceless tensor completely symmetric in its m upper and lower indices. Ref. [12] proved that the spin-avor representation T (12: ::m) (1 2:::m) consists of purely m-body quark operators, since all n-body quark operators (n > m ) transforming according to this tensor representation can be reduced to m-body operators using non-trivial operator identities. The expansion (2.4) terminates at N c -body operators, since no higher than N cbody operators are required to describe any spin-avor operator acting on an N c -quark baryon.
The above analysis implies that the complete 1=N c expansion of any operator transforming according to a given SU(2) SU(3) representation can be written in terms of pure n-body operators, which transform according to denite SU (6) representations. This set of operators is not the natural basis which arises in an expansion in avor symmetry breaking, however. Instead, the natural basis consists of operators which are associated with denite powers of avor symmetry-breaking parameters; such operators have n o c o n tracted avor indices. The operators in this new basis are not pure n-body operators, but contain components which can be reduced to lower-body operators using non-trivial operator identities. Thus, the operators which are natural with regard to the avor-breaking analysis do not always correspond to denite SU(6) representations, and the results we obtain dier from SU(6) formulin some instances.
In the following analysis, we are only interested in the predictions of the 1=N c expansion for the baryons that exist for N c = 3, namely the spin-1=2 octet and spin-3=2 decuplet baryons. When the set of baryon states considered for large N c is restricted to these physical baryons, all n-body operators with n > 3 are redundant and linearly dependent on 0-, 1-, 2-and 3-body operators. Thus, the complete set of independent operators acting on this restricted set of baryon states for any N c is given by the spin-avor representations
( 1 2 ) + T To analyze the mass splittings of the octet and decuplet baryons, we need the spin-zero SU(2) SU(3) representations of the quark operators contained in the SU(6) representations 1, 35, 405, and 2695. As is well known, the 1 contains a (0; 1); the 35 contains a (0; 8); the 405 contains (0; 1), (0; 8) and (0; 27); and the 2695 contains (0; 8), (0; 27), (0; 64) and (0; 10 + 10) . I f w e w ere interested in n-body operators for n > 3, there would be additional SU(3) representations to consider. For example, the purely 4-body SU(6) representation contains (0; 1), (0; 8), (0; 27), (0; 27), (0; 64), (0; 125) and (0; 35 + 35). All of these quark operators either vanish or reduce to 0-, 1-, 2-and 3-body operators when one restricts the set of baryons of interest to the physical baryon states.
Thus, in the analysis of the isospin splittings of the octet and decuplet baryons, we need to construct 1=N c expansions only for the SU(2) SU(3) representations
The representation (0; 10 10) is not allowed by time reversal invariance.
(0; 1), (0; 8), (0; 27), (0; 64), and (0; 10 + 10). Furthermore, the 1=N c expansions can be truncated at threebody operators when one considers only physical baryon states. The set of 0-, 1-, 2-and 3-body operators in the 1=N c expansions spans all of the mass splittings of the physical baryons. Only if one is able to truncate the 1=N c expansions before the occurrence of three-body operators does one obtain any non-trivial mass relations which are valid to a given order in the 1=N c expansion. The complete set of (0; 1) operators can be classied using the operator identities of Ref. [12] . There is only one zero-body operator transforming as (0; 1) under SU (2) The 1=N c expansion for a (0; 8) operator appears in Ref. [12] . Operator reduction identities imply that only n-body operators with a single factor of either T a or G ia need to be retained. There is only one one-body operator, allowed after operator reduction. In general, there is only one independent n-body operator for each n. All of these operators can be generated recursively from O a 1 The 1=N c expansion for a (0; 27) operator can be determined using the operator reduction rule of Ref. [12] . There are three two-body operators which transform as a a v or 27: spin-zero (fT a ; T b g ), spin-one (fG ia ; T b g+ f G ib ; T a g ) and spin-two ( f G ia ; G jb g+fG ib ; G ja g). Spinzero 27 operators can be obtained from the latter two by forming tensor products with factors of J to saturate spin indices. Thus, there is a unique two-body (0;27) operator, O ab 2 = fT a ; T b g: (2.18) There is one three-body (0; 27) operator, which i s t h e tensor product of the spin-one 27 two-body operator and J i , O ab 3 = fJ i ; fT a ; G ib gg + fJ i ; fT b ; G ia gg = fT a ; fJ i ; G ib gg + fT b ; fJ i ; G ia gg; (2.19 ) where the second equality follows since J i and T a commute. The tensor product of the spin-two 2 7 a n d the spin-two combination fJ i ; J j gyields the four-body the above three operators are subtracted o, so that each of the three operators is truly a (0; 27). Note in all these cases the symmetry under exchange of avor indices, as required for avor-27 operators. In general, the complete set of linearly independent (0; 27) operators consists of three operator series, namely the three operators O ab 2 All other operators of the expansion are generated from the above four by a n ticommuting with J The 1=N c expansion for a (0; 10 + 10) operator begins with a single three-body operator, O ab 3 = fT a ; fJ i ; G ib g g f T b ; f J i ; G ia gg: (2.24) For N c = 3, this is the only operator which e n ters the analysis. For arbitrary N c , there are additional operators generated by a n ticommutators of J 2 with the above operator. Thus, the truncation of the general 1=N c expansion of a (0; 10+10) operator after this rst operator is valid up to a relative correction of order 1=N Note that, as in the previous section, the 19 operators appearing in Eqs. (3.4{3.7) are to be regarded as subtracted operators, so that each operator transforms according to the SU(3) and isospin representations stated. Thus, the avor 27 operators require subtraction of singlet and octet components, the 64 operators require removal of singlet, octet and 27 components, and 10 + 10 operator requires removal of an octet component. One further level of subtraction diagonalizes the operators into channels of unique isospin I = 0,1,2,3. It is easy to incorporate avor symmetry breaking into the 1=N c analysis by associating powers of symmetrybreaking parameters with each of the coecients appearing in Eqs. (3.4{3.7). There are two sources of avor symmetry breaking. The rst source is the quark mass matrix, which i n troduces the perturbations H The second source of avor symmetry breaking is the quark charge matrix. Electromagnetic mass splittings are second order in the quark charge matrix, and are suppressed by em =4. These splittings are typically of order a few MeV in magnitude, which is comparable to the isospin mass splittings arising from the quark mass matrix but is negligible compared to SU(3) mass splittings. We i n troduce the symmetry-breaking parameter 00 for the electromagnetic mass splittings, where 00 0 .
The electromagnetic eects can occur in the I = 0 ; 1 ; 2 c hannels; the I = 0 contribution can be neglected, and both the I = 1 and 2 contributions are suppressed by 00 . The symmetry-breaking parameters associated with the mass operators at leading order in avor symmetry breaking are listed in Table I . Finally, w e describe in more detail the relation between the 1=N c expansion when it is combined with a perturbative analysis in avor symmetry breaking and a pure SU(6) analysis. Not all of the mass operators of the 1=N c expansion Eqs. (3.4{3.7) with perturbative a v or breaking transform according to unique SU(6) representations. Thus, it is not possible to identify the n-body label n = 0 ; 1 ; 2 ; 3 of the coecients c R;I (n) with the 1, Note that the true avor suppression of M 10+10 1 comes from terms of O(e 2 ms) [21] and is hence 00 . I n T able I we list the naive factor 0 , which is equivalent because 00 0 .
35, 405 and 2695 dimensional representations of SU(6), respectively. This subtlety occurs because some of the nbody operators written in Eqs. (3.4{3.7) are not pure nbodySU(6) operators; the operators contain components which reduce by the identities of Ref. [12] to lower-body operators in dierent SU (6) representations. An uppertriangular matrix summarizes the relation between the pure n-body SU(6) (rows) and n-body avor symmetrybreaking (columns) operator bases of the 1=N c expansion: where indicates an entry which is not necessarily zero.
From this matrix, one nds, for example, that 3-body avor operators transform as 1 + 35 + 405 + 2695, but that pure 3-body 2695 operators only appear in 3-body avor operators.
IV. MASS RELATIONS
We n o w study the mass relations which can be obtained using the operator expansions of the previous section. In Table II, we compile . The 1=N c suppressions and the avor-breaking parameters associated with each mass combination are tabulated. The 1=N c suppression factors assigned to each mass combination include the implicit N c -dependence of operator matrix elements as well as the explicit 1=N c factors displayed in Eq. (3.4{3.7). The avor-breaking suppression factors are obtained from Table I . Mass combinations which also correspond to single SU(6) representations appear with a check in the column with heading label SU(6); otherwise a \No" appears. The SU(6) mass combinations which dier from the above combinations are listed in the subsequent blocks of the table. These combinations are labeled by coecients c R;I D where the subscript denotes the dimension of the SU(6) representation. The 1=N c and the leading avor-breaking suppressions for the SU(6) combinations are listed. Note that the avor suppressions for the SU(6) combinations follow from the perturbative a v or-breaking operator analysis and are not consequences of the analysis in terms of operators with denite SU(6) transformation properties.
We can understand which mass combinations in Table II coincide with SU(6) mass combinations. The mass combination associated with the neglect of each operator in the basis Eqs. (3.4{3.7) is broken by this operator alone, i.e. all of the other operators in the basis vanish on this mass combination. Recall (3.9) that the 3-body avor operators are the only operators in the basis which contain components transforming according to the 2695 representation of SU (6) . Since all of the other SU(6) representations occur in lower-body operators as well, the only mass combination which v anishes for all lower-body avor operators are mass combinations in the 2695. Therefore, all of the 3-body mass combinations in the rst block o f T able II correspond to mass combinations in the 2695 representation of SU (6) . In addition, for the SU(3) singlet expansion M 1 0 , which i n v olves only even-body operators, neglect of the 2-body operator J 2 results in a mass combination in the 405 representation of SU (6) . In general, neglect of the highest-body operator in any perturbative a v or symmetry-breaking expansion leads to a mass combination corresponding to a denite SU(6) representation. None of the mass combinations following from the neglect of other n-body operators appearing in Eqs. (3.4{3.7) has this property.
The last column of Table II presents the experimental accuracy of mass relations obtained by setting each mass combination equal to zero. These percentage accuracies are determined by e v aluating the given mass combination, and then dividing by one-half the sum of the absolute values of all of the terms in the same mass combination. Stated another way, the combination is organized as lhs = rhs, where lhs and rhs possess only baryon masses with positive coecients, and then we compute j(lhs rhs)=((lhs+rhs)=2)j. The purpose of this normalization is twofold: rst, this expression is invariant under multiplicationof all baryon coecients by the same constant, and second, the resulting number is dimensionless. Because the denominator is a sum of baryon masses with the same size coecients as in the numerator, the ratio represents a scale-invariant measure of how m uch the numerator mass dierence is suppressed. The experimental accuracies listed in Table II are obtained using the measured baryon masses and mass dierences of the Particle Data Group [22] , although there is controversy over isospin splittings in the decuplet (see, e.g. [23] ). The mass is unmeasured; we eliminate this mass from all of the I = 0 ; 1 ; 2 mass combinations using the sole I = 3 mass relation (see Subsec. D), which is satised to high orders in the 1=N c expansion and avor symmetry breaking. Nevertheless, large experimental uncertainties remain in the I = 1 and 2 isospin splittings of the , and this prevents a meaningful comparison of the predicted theoretical hierarchy o f m a n y of the I = 1 and 2 mass relations with experiment.
The experimental accuracies in Table II are to be compared with the the combined 1=N c and avor symmetrybreaking suppressions of a given mass combination. Note that the singlet baryon mass proportional to the operator 1 This relation is also satised by one-loop diagrams in chiral perturbation theory [24] . . Neglect of these operators yields the three mass relations in Table II  corresponding (6), these relations also were obtained in the SU(6) I = 0 analysis of Ref. [20] . The experimental accuracies of these relations clearly exhibit the hierarchy =N and Eq. (4.10), involve the unmeasured 0 mass, and cannot be compared with experiment. Finally, the two remaining mass combinations c 8;1 (1) and c 8;1 (2) both appear at order 0 in the combined 1=N c and avor symmetry-breaking expansions, so neither operator can be neglected relative to the other, and no additional mass relation is obtained.
Comparison of our I = 1 mass hierarchy with experiment is limited by the large experimental uncertainty i n the splitting 1 and the presence of the unknown parameter 0 . It is possible to extract additional information about the I = 1 mass hierarchy b y eliminating these uncertain parameters. One may add to a given mass combination any other combinations which are of the same or higher order in the combined avor and 1=N c expansions. Such a linear combination remains at the same order in the combined expansions as the original one, although it no longer necessarily corresponds to a single SU (3) , and so is unaected by this procedure. With these substitutions, the four remaining mass combinations c 8;1 (1) , c 8;1 (2) , c 8;1 (3) and Eq. (4.11) reduce respectively to the four mass combinations given in the third block o f the I = 1 sector of Table II. Note that the 1=N c and avor symmetry-breaking assignments of these combinations are identical to those of the original SU(3) combinations. The assignments for the third combination do not appear in the table; it is the linear combination of c 8;1 (3) and Eq. (2) and c 27;2 (3) are both order 00 =N c , so neither operator can be neglected relative to the other, and no additional mass relation is obtained.
The hierarchy o f I = 2 mass combinations is completely consistent with the predictions of the combined 1=N c and avor-breaking expansions. Recall that the I = 2 a v or symmetry-breaking parameter 00 is comparable to the I = 1 parameter 0 . Notice from Table II that all I = 2 combinations (and hence any linear combination of them) are suppressed by one factor of 1=N c relative to the largest I = 1 combinations. The experimental accuracy of the c 27;2 (2) combination is suppressed at this level relative to the two measured O( 0 ) I = 1 mass combinations in Table II . The c 27;2 (3) combination may also be suppressed at this level, but its experimental accuracy is too poorly known. In addition, these two I = 2 combinations are predicted to be suppressed by 00 , that arises at order 00 0 =N 2 c in the combined 1=N c and avor-breaking expansions. Neglecting the c 64;3 (3) operator yields the mass relation 3 = 0 : (4.17) The suppression factor 00 0 =N 3 c is second order in the isospin-breaking parameters, and so is much smaller than any of the other suppression factor in our analysis. Thus, we expect violations of Eq. (4.17) to be quite small. A naive estimate of the size of 3 gives of order 10 3 MeV at most. A calculation [23] of this quantity i n c hiral perturbation theory, including loop eects, does not alter this conclusion. We h a v e used the extreme accuracy of the mass relation (4.17) to eliminate the unknown mass in the I = 0 ; 1 ; 2 mass splittings.
V. COMPLETELY B R OKEN SU(3) SYMMETRY
The analysis of the I = 0 ; 1 ; 2 ; 3 baryon mass splittings can be performed using only SU(2) U (1) avor symmetry. Such an analysis yields mass relations which are valid to all orders in SU(3) symmetry breaking. In this section, we reanalyze the baryon isospin mass splittings using SU(2) U(1) avor symmetry, treating isospin breaking as a small perturbation. The relevant spinavor symmetry group is SU(4) SU(2) U(1), where the SU(4) factor is the spin-avor group of the two light avors u and d; the SU(2) factor is strange quark spin; and the U(1) factor is the number of strange quarks. The analysis of the I = 0 sector was performed in Refs. [4, 12] , so we restrict the analysis here to I = 1 ; 2 ; 3 mass combinations.
The SU(2)U(1) operator analysis uses one-body operators with denite isospin and strangeness instead of operators with denite SU (3) by the operator identities [12] , so the SU(2) U(1) case introduces a higher-order piece (the N s I
3 ) than present at the same order in the SU(3) case. Nevertheless, four of the ve relations coincide; they may be written as the combinations c 8;1 (3) , c 27;1 (3) , c 10+10;1 (3) and c 64;1 (3) from Table II  (the combination c 27;1 (2) is broken by Eq. (5.2) ). However, there is no reason to single out combinations corresponding to unique SU(3) representations in the completely broken SU(3) analysis. We instead choose linearly independent combinations with the smallest possible experimental uncertainties, so that one obtains the most stringent test of the 1=N c hierarchy. At next-to-leading order (5.3), two new I = 1 operators appear, so we expect three I = 1 relations to remain. This counting seems to be at odds with the 1=N c factors given in Table II for and (5.9) work so well experimentally. This fact provides additional evidence for the perturbative SU(3) avorbreaking analysis of Sec. IV: not only are the perturbative results consistent with experiment, but the accuracy of some mass relations cannot be explained otherwise. This conclusion is most obvious in the I = 0 sector; the analysis of this section shows that there is also evidence for it in the I = 1 sector.
VI. CONCLUSIONS
In summary, w e conclude that there is striking evidence for the mass hierarchy predicted by a combined expansion in 1=N c and SU(3) avor symmetry breaking, with avor breaking treated perturbatively. Neither a 1=N c nor a avor expansion alone explains the observed hierarchy. In addition, a 1=N c expansion treating only isospin breaking perturbatively fails to explain the hierarchy of the I = 0 and I = 1 mass combinations, so it is clearly better to treat SU(3) as a perturbatively broken, rather than completely broken, symmetry.
Our analysis explicitly shows that the combined expansion diers from the old non-relativistic SU(6) analysis, which neglected only mass combinations in the 2695. In the 1=N c expansion, 2695 combinations are usually suppressed by a factor of 1=N 2 c , which accounts for the fact that many of the 1=N c mass relations coincide with SU(6) combinations. There are additional relations obtained in the 1=N c expansion satised at this same level of accuracy, h o w ever, which are not members of the 2695 and are therefore missed in the old SU(6) analysis.
Finally, it is important to emphasize that improved measurements of baryon mass splittings (particularly decuplet isospin splittings) are needed to test a number of our mass relations at the level of accuracy predicted by the combined expansion. Even a modest decrease of experimental uncertainties in some mass combinations would be enough to permit one to distinguish conclusively between the predictions of this method and those of other possible hierarchies. 
